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accuracy
of Gauss’s Method, 66-70
rounding error, 68

adding rows, 5

addition of vectors, 17, 37, 78

additive inverse, 78

adjacency matrix, 242

adjoint matrix, 354

angle, 45

antipodal points, 372

antisymmetric matrix, 142

argument, of a function, A-7

arrow diagram, 228, 245, 252, 257, 386

augmented matrix, 15

automorphism, 169
dilation, 169
reflection, 170
rotation, 170

back-substitution, 5

base step, of induction proof, A-3

basis, 114-126
change of, 252
definition, 114
orthogonal, 270
orthogonalization, 271
orthonormal, 272
standard, 115, 385
string, 410

bean diagram, A-7

best fit line, 284

block matrix, 334

box, 344
orientation, 346

sense, 346
volume, 346

C language, 66
canonical form

for matrix equivalence, 260

for nilpotent matrices, 413

for row equivalence, 60

for similarity, 435
canonical representative, A-11
Cauchy-Schwarz Inequality, 45
Cayley-Hamilton theorem, 422
central projection, 369
change of basis, 252-263
characteristic

equation, 397

polynomial, 397

satisfied by, 424

root, 402

vectors, values, 393
characterize, 176
characterizes, 261
Chemistry problem, 1, 10, 24
Chid’s method, 363-367
circuits

parallel, 72

series, 72

series-parallel, 73
class

equivalence, A-11

representative, A-11
closure, 94

of null space, 406

of range space, 406



codomain, A-7
cofactor, 352
column, 15

rank, 128

full, 134

space, 128

vector, 16
combining rows, 5
complement, A-6
complementary subspaces, 139

orthogonal, 277
complete equation, 156
complex numbers, 384

vector space over, 89, 382
component of a vector, 16
composition, A-7

self, 403
computer algebra systems, 64—65
concatenation of sequences, 137
conditioning number, 69
congruent plane figures, 308
constant polynomial, 382
contradiction, A-4
contrapositive, A-2
convex set, 190
coordinates

homogeneous, 371

with respect to a basis, 117
correspondence, 167, A-9
coset, 201
Cramer’s rule, 357-359
cross product, 320
crystals, 146-149

unit cell, 147

da Vinci, Leonardo, 368
degree of a polynomial, 382
Desargue’s Theorem, 375
determinant, 316, 321-343
Cramer’s rule, 358
definition, 322
exists, 332, 338
Laplace expansion, 353
minor, 352
permutation expansion, 331, 335, 360
using cofactors, 352

diagonal matrix, 220, 238
diagonalizable, 389-393
diamond, 148
dilation, 169, 291
representing, 212
dimension, 123
dimensional
constant, 156
formula, 156
direct map, 312
direct sum, 134-143
definition, 139
external, 175
internal, 175
of two subspaces, 139
direction vector, 38
distance-preserving map, 308
division theorem, 382
domain, A-7
dot product, 43
double precision, 68
dual space, 202
Duality Principle, of projective geometry,
374

echelon form, 6

free variable, 13

leading entry, 15

leading variable, 6

matrix, 15

reduced, 51
eigenspace, 397
eigenvalue, eigenvector

of a matrix, 394

of a transformation, 393
element, A-5
elementary matrix, 239
elementary reduction matrix, 239, 290
elementary reduction operations, 5

rescaling, 5

row combination, 5

swapping, 5

by matrix multiplication, 240
elementary row operations, 5

by matrix multiplication, 240
elimination, Gaussian, 3



empty set, A-5
entry, matrix, 15
equivalence, A-9
class, A-11
canonical representative, A-11
relation, A-9
representative, A-11
equivalence relation, A-9
isomorphism, 176
matrix equivalence, 259
matrix similarity, 386
row equivalence, 53
equivalent statements, A-2
Erlanger Program, 309
Euclid, 308
even functions, 98, 141
even polynomials, 441
extended, linearly, 186
external direct sum, 175

factor, 383
field, 144-145
definition, 144
finite-dimensional vector space, 121
flat, k-flat, 39
free variable, 13
full column rank, 134
full row rank, 134
function, A-7
inverse image, 193
argument, A-7
bean diagram, A-7
codomain, A-7
composition, 228, A-7
correspondence, A-9
distance-preserving, 308
domain, A-7
even, 98
extended linearly, 186
identity, A-7
image, A-7
inverse, 244, A-8
left inverse, 244
multilinear, 327
odd, 98
one-to-one, A-8

onto, A-8
range, A-7
restriction, A-9
right inverse, 244
structure preserving, 167, 171
see homomorphism 183
two-sided inverse, 244
value, A-7
well-defined, A-7
zero, 184
Fundamental Theorem
of Algebra, 384
of Linear Algebra, 282

Gauss’s Method, 3

accuracy, 66-70

back-substitution, 5

by matrix multiplication, 240

elementary operations, 5

Gauss-Jordan, 51

Gauss-Jordan Method, 51
Gaussian elimination, 3
generalized null space, 406
generalized range space, 406
Geometry of Linear Maps, 289-295
Google matrix, 450
Gram-Schmidt process, 269-274
graphite, 147

historyless process, 303
homogeneous coordinate vector, 371
homogeneous coordinates, 313
homogeneous equation, 23
homomorphism, 183

composition, 228

matrix representing, 203-213, 215

nonsingular, 217, 218

null space, 196

nullity, 196

range space, 192

rank, 216

singular, 217

zero, 184
hyperplane, 39

ideal



line, 374 Kirchhoff’s Laws, 72

point, 374 Klein, F., 308
identity

function, A-7 Laplace determinant expansion, 351-356

matrix, 237 Last Supper, 368
if-then statement, A-2 leading
ill-conditioned problem, 67 entry, 15
image, under a function, A-7 variable, 6
improper subspace, 91 least squares, 283—288
index of nilpotency, 409 left inverse, A-8
induction, 25, A-3 length of a vector, 42

inductive hypothesis, A-4 line, 37

best fit, 284
in projective plane, 373
line at infinity, 374
line of best fit, 283—-288
linear combination, 2
Linear Combination Lemma, 56

induction, mathematical, A-3
inductive hypothesis, A-4

inductive step, of induction proof, A-3
inherited operations, 80

inner product, 43

internal direct sum, 139, 175
intersection, of sets, A-6

invariant subspace, 417, 431

linear elimination, 3
linear equation, 2

inverse, 245, A-8 coeflicients, 2

additive, 78 constant, 2

exists, 245 homogeneous, 23

function, A-8 inconsistent systems, 283
left, A-8 satisfied by a vector, 16
right, A-8 solution of, 2

left, 245, A-8 Cramer’s rule, 358

matrix, 354 Gauss’s Method, 4

right, 245, A-8 Gauss-Jordan, 51

two-sided, A-8 system of, 2

linear extension of a function, 186

linear map, 183, see also homomorphism
dilation, 291
reflection, 291, 311
rotation, 290, 311

inverse function, 244, A-8
inverse image, 193
inversion, 336, A-8
irreducible polynomial, 383
isometry, 308

isomorphism, 165-182 shear, 292
classes characterized by dimension, trace, 441
176 linear maps, vector space of, 187
definition, 167 linear recurrence, 452—459

definition, 454
linear relationship, 104

of a space with itself, 169

Jordan block, 430 linear surface, 39
Jordan form, 419-441 linear transformation, 187, see also trans-
represents similarity classes, 435 formation

linearly dependent, 103
kernel, of linear map, 196 linearly independent, 103



LINPACK, 64

magic square, 296-301
definition, 296
normal, 297
map, A-7
distance-preserving, 308
self composition, 403
Maple, 64
Markov chain, 302-307
definition, 303
historyless, 303
Mathematica, 64
mathematical induction, 25, A-3
MATLAB, 64
matrix, 15
adjacency, 242
adjoint, 354
antisymmetric, 142
augmented, 15
block, 260, 334
change of basis, 252
characteristic polynomial, 397
column, 15
column space, 128
conditioning number, 69
determinant, 316, 322
diagonal, 220, 238
diagonalizable, 389
diagonalized, 259
echelon form, 15
elementary, 239
elementary reduction, 239, 290
entry, 15
equivalent, 259
Google, 450
identity, 233, 237
inverse, 244-251, 354
inverse, definition, 245
magic square, 296
main diagonal, 237
Markov, 243
matrix-vector product, 206
minimal polynomial, 233, 420
minor, 352
multiplication, 227

nilpotent, 409
nonsingular, 30, 218
orthogonal, 310
orthonormal, 308-313
permutation, 238, 330
rank, 216
representation, 205
row, 15

row equivalence, 53
row rank, 127

row space, 127

scalar multiple, 223
scalar multiplication, 17
similar, 349
similarity, 386
singular, 30
skew-symmetric, 334
sparse, 442
stochastic, 303, 450
submatrix, 325

sum, 17, 223

symmetric, 120, 142, 225, 233, 242,

282
trace, 225, 243, 297, 441
transition, 303
transpose, 21, 129, 225
triangular, 213, 243, 355
tridiagonal, 444
unit, 235
Vandermonde, 334
zero, 224
matrix equivalence, 256263
canonical form, 260
definition, 259
mean
arithmetic, 48
geometric, 48
member, A-5
method of powers, 442-445
minimal polynomial, 233, 420
minor, of a matrix, 352
morphism, 167
multilinear, 327
multiplication
matrix-matrix, 227



matrix-vector, 206 parametrized, 14

multiplicity, of a root, 383 partial pivoting, 68
multiset, A-7 partition, A-9-A-11
mutual inclusion, A-5 into isomorphism classes, 176
matrix equivalence classes, 259, 261

natural representative, A-11 row equivalence classes, 53
networks, 71-76 permutation, 330

Kirchhoff’s Laws, 72 inversions, 336
nilpotency, index of, 409 matrix, 238

nilpotent, 407-418
canonical form for, 413
definition, 409
matrix, 409
transformation, 409

signum, 338
permutation expansion, 331, 335, 360
permutation matrix, 330
perp, of a subspace, 277
perpendicular, 45
perspective, triangles, 375
homomorphism, 217 physical dimension, 156

mz'itrix, 30 pivoting, 51
normalize, vector, 42, 272 full, 68

null space, 196

nonsingular, 218, 245

partial
scaled, 69
plane figure, 308

closure of, 406
generalized, 406

nullity, 196 congruence, 308

point
at infinity, 374
in projective plane, 371
polynomial, 382
associated with recurrence, 456
constant, 382
degree, 382

orientation reversing map, 312 division theorem, 382

orthogonal, 45 even, 441
basis, 270 factor, 383

irreducible, 383
leading coefficient, 382

odd function, 98, 141
one-to-one function, A-8

onto function, A-8

opposite map, 312

ordered pair, A-7

orientation, 346, 349
orientation preserving map, 312

complement, 277

mutually, 269

projection, 277 minimal, 420

orthogonal matrix, 310 multiplicity, 383

orthogonalization, 271 of map, matrix, 419

orthonormal basis, 272 root, 383

orthonormal matrix, 308-313 populations, stable, 446-447
potential, electric, 71

page ranking, 448-451 powers, method of, 442-445

pair, ordered, A-7 preserves structure, 183

parallelepiped, 344 probability vector, 303

parallelogram rule, 37 projection, 183, 193, 264, 282, 426

parameter, 14 along a subspace, 274



central, 369
vanishing point, 368
into a line, 265
into a subspace, 274
orthogonal, 265, 277
projective geometry, 368—-379
projective plane
ideal line, 374
ideal point, 374
lines, 373
proof techniques, A-3—A-5
induction, 25
proper subset, A-5
proper subspace, 91
propositions
equivalent, A-2

quantifier, A-2
existential, A-3
universal, A-2

quantifiers, A-2

range, A-7

range space, 192
closure of, 406
generalized, 406

rank, 131, 216
column, 128

of a homomorphism, 192, 197

recurrence, 352, 452, 454

associated polynomial, 456

initial conditions, 454
recurrence relation, 452-459
reduced echelon form, 51
reflection, 291, 311

glide, 312

reflection (or flip) about a line, 170

reflexivity, of a relation, A-9
relation, A-9
equivalence, A-9
reflexive, A-9
symmetric, A-9
transitive, A-9
relationship
linear, 104
representation

of a matrix, 205
of a vector, 117
representative
canonical, A-11
class, A-11

for row equivalence classes, 60
of matrix equivalence classes, 260

of similarity classes, 435
rescaling rows, 5
resistance, 71
resistance:equivalent, 75
resistor, 72
restriction, A-9
right inverse, A-8
rigid motion, 308
root, 383

characteristic, 402
rotation, 290, 311
rotation (or turning), 170

represented, 208

row, 15
rank, 127
vector, 16

row equivalence, 53
row rank, 127

full, 134
row space, 127
Rule of Sarrus, 366

Sage, 64
salt, 146
Sarrus, Rule of, 366
scalar, 78
scalar multiple
matrix, 223
vector, 17, 36, 78
scalar multiplication
matrix, 17
scalar product, 43
scaled partial pivoting, 69
Schwarz Inequality, 45
self composition
of maps, 403
sense, 346
sensitivity analysis, 247
sequence, A-7



concatenation, 137
set, A-5
complement, A-6
element, A-5
empty, A-5
intersection, A-6
member, A-5
union, A-6
sets, A-5
dependent, independent, 103
empty, 105
mutual inclusion, A-5
proper subset, A-5
span of, 94
subset, A-5
sgn
seesignum, 338
shear, 292
shift, 408
signum, 338
similar, 321, 349
canonical form, 435
similar matrices, 386
similar triangles, 312
similarity, 386-402
similarity transformation, 402
single precision, 66
singular
homomorphism, 217
matrix, 30
size, 345, 346
skew-symmetric, 334
span, 94
of a singleton, 99
sparse matrix, 442
spin, 153
square root, 441
stable populations, 446-447
standard basis, 115, 385
complex number scalars, 385
state, 302
Statics problem, 1, 5
stochastic matrix, 303, 450
string, 410
basis, 410

of basis vectors, 408
structure
preservation, 183
submatrix, 325
subset, proper, A-5
subspace, 90-101
closed, 92
complementary, 139
definition, 90
direct sum, 139
improper, 91
independence, 138
invariant, 431
proper, 91
sum, 135
sum
matrix, 17
of matrices, 223
of subspaces, 135
vector, 17, 36, 78
summation notation, for permutation ex-
pansion, 331
swapping rows, 5
symmetric matrix, 120, 142, 225, 233
symmetry, of a relation, A-9
system of linear equations, 2
elimination, 3
Gauss’s Method, 3
Gaussian elimination, 3
linear elimination, 3
solving, 3

Tower of Hanoi, 456
trace, 225, 243, 297, 441
transformation
characteristic polynomial, 397
composed with itself, 403
diagonalizable, 389
eigenspace, 397
eigenvalue, eigenvector, 393
Jordan form for, 435
minimal polynomial, 420
nilpotent, 409
canonical representative, 413
projection, 426
shift, 408



size change, 346 unit, 47

transition matrix, 303 zero, 16
transitivity, of a relation, A-9 vector space, 78-101
translation, 309 basis, 114
transpose, 21, 129 closure, 78
determinant, 332, 341 complex scalars, 89
interaction with sum and scalar mul- definition, 78
tiplication, 225 dimension, 123
is linear, 134 dual, 202
Triangle Inequality, 43 finite dimensional, 121
triangles, similar, 312 homomorphism, 183
triangular matrix, 243 isomorphism, 167
Triangularization, 213 map, 183
tridiagonal form, 444 over complex numbers, 381
trivial space, 82, 115 subspace, 90
turning map, 170 trivial, 82, 115
Venn diagram, A-6
union of sets, A-6 voltage drop, 72
unit matrix, 235 volume, 346

voting paradox, 150-155
vacuously true, A-2 definition. 150
value, of a function, A-7

Vandermonde matrix, 334
vanishing point, 368

majority cycle, 150
rational preference order, 151

spin, 153

vector, 16, 35
angle, 45 well-defined, 177, 178, A-7
canonical position, 36 Wheatstone bridge, 73, 75
column, 16
component, 16 zero division, 251
cross product, 320 zero divisor, 233
direction, 38 zero homomorphism, 184
dot product, 43 zero matrix, 224
free, 35 zero vector, 16, 78

homogeneous coordinate, 371
length, 42

natural position, 36
normalize, 42

orthogonal, 45
perpendicular, 45
probability, 303
representation of, 117, 252
row, 16

satisfies an equation, 16
scalar multiple, 17, 36, 78
standard position, 36
sum, 17, 36, 37, 78



